We derive gluon fragmentation functions in the Nambu-Jona-Lasinio (NJL) model by treating a gluon as a pair of color lines formed by fictitious quark and anti-quark (qq). Gluon elementary fragmentation functions are obtained from the quark and anti-quark elementary fragmentation functions for emitting specific mesons in the NJL model under the requirement that the qq pair maintains in the flavor-singlet state after meson emissions. An integral equation, which iterates the gluon elementary fragmentation functions to all orders, is then solved to yield the gluon fragmentation functions at a model scale. It is observed that these solutions are stable with respect to variation of relevant model parameters, especially after QCD evolution to a higher scale is implemented. We show that the inclusion of the gluon fragmentation functions into the theoretical predictions from only the quark fragmentation functions greatly improves the agreement with the SLD data for the pion and kaon productions in e + e − annihilation. Our proposal provides a plausible construct for the gluon fragmentation functions, which are supposed to be null in the NJL model.
I. INTRODUCTION
A fragmentation function contains important information on the strong dynamics of producing a hadron in high-energy scattering process. It describes the probability of a parton to emit mesons with certain fractions of the parent parton momentum, and serves as a crucial input to a framework for hadron production based on factorization theorem. For example, one needs unpolarized fragmentation functions for the analysis of semi-inclusive deeply inelastic scattering, electron-positron annihilation into hadrons, and hadron hadroproduction [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Quark fragmentation functions in the low energy limit have been calculated in effective models recently, such as the Nambu-Jona-Lasinio (NJL) model [12] and the nonlocal chiral quark model [13] . A concern is that gluon fragmentation functions are assumed to be null at a model scale, due to the absence of gluonic degrees of freedom in the corresponding Lagrangians. A gluon can certainly fragment into hadrons at a low scale, just like a quark does. Without the gluon fragmentation functions at a model scale, QCD evolution effects cannot be complete, and the resultant quark fragmentation functions at a high scale are not reliable. A simple argument is as follows. The quark fragmentation function D h q (z) of a hadron h with a momentum fraction z obeys the sum rule h zD h q (z)dz = 1 for 100% quark light-cone momentum transfer to hadrons at a model scale. Setting the gluon fragmentation function D h g (z) to zero will violate the sum rule h zD h g (z)dz = 1, so the quark and gluon fragmentation functions invalidate the sum rules after QCD evolution.
In this paper we attempt to derive the gluon fragmentation functions in the NJL model.
Though there are lack of gluonic degrees of freedom, we regard a gluon as a pair of color lines formed by fictitious quark and anti-quark (qq) in a color-octet state. A requirement is that thepair remains flavor-singlet after meson emissions. Namely, the quark q emits a hadron m = qQ and the anti-quarkq emits an anti-hadronm = Qq at the same time, resulting in a flavor-singlet fictitious QQ pair. The idea originates from the color dipole model, in which a gluon is treated as a pair of color lines, and parton emissions are turned into emissions of color dipoles composed of quarks and anti-quarks. The simplest version of our proposal leads to the formulation of the gluon fragmentation functions in terms of the quark fragmentation functions, similar to that in the Lund model [14] . A refined version is to include the mechanism of quark annihilation, which respects the flavor-singlet requirement on thepair, such that the specific flavor of the fictitious quarks is irrelevant. Gluon elementary fragmentation functions in the refined version are constructed from the quark and anti-quark elementary fragmentation functions for emitting specific mesons in one step.
An integral equation, which iterates the gluon elementary fragmentation functions to all orders, is then solved to yield the gluon fragmentation functions.
It will be verified that our results are stable with respect to variation of relevant model parameters, including the model scales and the fictitious quark masses, especially after QCD evolution to a higher scale is implemented. The possible effect from branching of a gluon into more, i.e., from the multi-dipole contribution, is also investigated, and found to be minor.
With the gluon and quark fragmentation functions obtained in this paper, we predict the e + +e − → h+X differential cross section at the scale Q 2 = M 2 Z , M Z being the Z boson mass, and compare it with the measured ones, such as those from TASSO [15] [16] [17] , TPC [18] , HRS [19] , TOPAZ [20] , SLD [21] , ALEPH [22] , OPAL [23] , and DELPHI [24, 25] . Since the above data are similar, we will focus on the SLD one. It will be demonstrated, as an appropriate model scale is chosen, that the inclusion of the gluon fragmentation functions into the predictions from only the quark fragmentation functions greatly improves the agreement with the SLD data for the pion and kaon productions. This work explores the behavior of the gluon fragmentation functions at low energy, and their importance on phenomenological applications.
The rest of the paper is organized as follows. We review the evaluation of the quark fragmentation functions in the NJL model in Sec. II. The color dipole model is briefly introduced in Sec. III, which motivates our proposal to treat a gluon as a pair of color lines. The gluon fragmentation functions are then formulated in the simple version, which is consistent with the Lund model, and in the refined version, which includes the quark annihilation mechanism and the multi-dipole contribution. Numerical results of the gluon fragmentation functions for the pion and kaon, before and after the next-to-leading-order (NLO) QCD evolution, are presented. These results are compared to the Hirai-KumanoNagai-Sudoh (HKNS) [26] and de Florian-Sassot-Stratmann (DSS) [27] parameterizations of the quark and gluon fragmentation functions in Sec. IV, and then to the SLD data of the
II. QUARK FRAGMENTATION FUNCTIONS
The NJL model [28, 29] is a low-energy effective theory, like the BCS theory, to demonstrate the chiral symmetry breaking and appearance of Nambu-Goldstone bosons. A nonvanishing chiral condensate would be generated as the coupling of the four-fermion interaction is greater than a critical value. The spontaneous chiral symmetry breaking then gives rise to dynamical quark mass from a gap equation. The spontaneous chiral symmetry breaking also induces massless Nambu-Goldstone bosons, represented by the pole of the summation of fermion loops to all orders in the four-fermion coupling, and regarded as quark-antiquark excitations of the spontaneously broken vacuum. To get massive NambuGoldstone bosons, one adds a bare fermion mass term, i.e., explicit chiral symmetry breaking, into the effective theory. The NJL model has been applied to the calculation of quark distribution functions [30, 31] and fragmentation functions [12] for massive pseudoscalar mesons.
In this section we briefly review the derivation of quark fragmentation functions for pseudoscalar mesons in the NJL model, which starts with the construction of an elementary fragmentation function d m q (z). This function represents the probability of a quark q to emit a meson m in one step, which carries a light-cone momentum fraction z of the quark momentum in the minus direction, as depicted in Fig. 1 . In the light-cone frame the quark possesses vanishing transverse momentum before the emission, and nonzero k T = −p ⊥ /z with respect to the direction of the emitted meson. The elementary quark fragmentation function has been computed as [32] 
where C m q is a flavor factor, S 1 denotes the quark propagator, M 1 and M 2 are the quark constituent masses before and after the emission, respectively, and m m is the meson mass.
The dipole regulator in [33] has been employed to avoid a divergence in the above integral. The quark-meson coupling g mqQ is determined via the quark-bubble graph [32, 33] : Fig. 2 indicate that the probability for emitting a meson with a vanishing momentum is tiny, and the meson which can be directly formed from the quark q in one step, such as the u → π + and s → K − channels, prefers a momentum fraction as high as z ∼ 0.7-0.8. Since a kaon is more massive than a pion, it tends to carry a bit larger momentum fraction z. These features will help understanding our numerical results for the gluon fragmentation functions to be evaluated in the next section.
The integral equation based on a multiplicative ansatz for a fragmentation function is written as [34] 
where the elementary fragmentation function has been normalized intod m q (z) in order to have the meaning of probability. Equation (3), which iterates Eq. (1) to all orders, determines the probability of emitting a meson m by the quark q with a momentum fraction z through a jet It is found that the quark fragmentation functions will have peaks in the high z region, if the mesons can be formed directly from the quarks (referred to the discussion on Fig. 2 ), such as the u → π + , K + and s → K − channels. Otherwise, the mesons come from the secondary emissions, and the corresponding fragmentation functions are larger at low z. It is expected that the u → K + channel has a smaller probability than the u → π + one does, because a kaon is more massive. The same explanation applies to the comparison of the
III. GLUON FRAGMENTATION FUNCTIONS
Due to the absence of the gluonic degrees of freedom at the Lagrangian level in the NJL model, a gluon fragmentation function cannot be computed directly. As stated in the Introduction, we propose to derive this fragmentation function by treating a gluon as a pair 
The gluon momentum is distributed between the quark q with the momentum fraction x and the anti-quarkq with 1 − x according to the normalized splitting function P g→qq . The average over the three 4). This simplest version of our proposal is consistent with the formulation of the gluon fragmentation functions in the Lund model [14] .
The choice of the normalized splitting function P g→qq is arbitrary. Fortunately, we have confirmed that our results are insensitive to the choices of P g→qq , especially after QCD evolution effects are taken into account. Therefore, we simply assume that it is proportional to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) kernel [39] 
for 0 < x < 1. Our gluon fragmentation functions are also insensitive to the variation of the fictitious quark masses in the involved d though it is hard to see this fact in Fig. 5 .
A refined version of our proposal starts with the construction of the elementary gluon
, which describes the probability of a gluon to emit a specific meson m with a momentum fraction z in one step, from the elementary quark fragmentation
The essential difference of the above construction from the Lund model is that each meson emission by a gluon has no correlation with the previous one: once the quark annihilation mechanism depicted in Fig. 6 is combined with Fig. 4 , the quark flavor at each emission is arbitrary (it could be u, d, or s). Namely, the specific flavor of the fictitiouspair is irrelevant, and the color lines mainly provide color sources of meson emissions.
The z dependence of zd m g (z) for the one-step fragmentation of a gluon into pions and kaons is displayed in Fig. 7 . Similarly, the probabilities for fragmenting into mesons of ).
Note that d The gluonic dynamics is more complicated than discussed above definitely. For instance, the fictitious quark pair can split into two or more fictitious quark pairs at any stage of meson emissions. To test the impact of this multi-dipole mechanism, we consider a more 
As a test, the splitting function P g→gg (x) is simply chosen to be proportional to the DGLAP kernel
for 0 < x < 1. The z dependence of zd the channel with only one of the quarks emitting a π 0 meson, which does not defy the flavor-singlet requirement. This π 0 emission seems to enhance the neutral pion production over the charged ones. In fact, this g → gπ 0 process should be regarded as the splitting of the quark pair into two quark pairs, whose contribution has been taken into account in the more complicated gluon fragmentation function D
M m g (z)
. Hence, the probabilities for a gluon to fragment into charged and neutral pions will be always equal in our approach.
IV. COMPARISON WITH DATA
We have established the gluon fragmentation functions in the NJL model at a model scale, at which the momentum sum rule of those from the scheme consistent with the Lund model gives 1.0072, the sum rule of those including the quark annihilation mechanism gives 0.9612, and the sum rule of those including the multi-dipole contribution gives 0.9045. All of them are close to unity, implying that our numerical analysis is reliable. The plots presented in the previous section show that the gluon fragmentation functions for the charged and neutral pions are the same and those for the four types of kaons are the same too, so we will investigate only the cases of π + and K + productions here.
We examine the behaviors of the quark and gluon fragmentation functions in different schemes under the LO and NLO QCD evolutions from the model scale Q GeV 2 under the NLO QCD evolution are compared in Fig. 11 . The four plots indicate that the evolution effect pushes the difference among the three schemes of handling subtle gluonic dynamics to the region of very small z < 0.05. We expect that the difference of the quark and gluon fragmentation functions will move into the region of even lower z, as Q 2 increases up to M 2 Z . This explains why our results are stable with respect to the variation of model parameters and to the choices of the splitting functions. Besides, the similarity of the curves for zD and zD M hints that the gluon branching effect may not be crucial. Therefore, it suffices to concentrate only on the scheme with the quark annihilation mechanism below in the scope of the present work.
We then compare our results for the π + emission at Q 2 = 4 GeV 2 with the HKNS [26] and DSS [27] parameterizations, whose initial scale was set to Q 2 = 1 GeV 2 , under the NLO QCD evolution in Fig. 20 , and for the K + emission in Fig. 21 . The comparison at the scale Q 2 = M 2 Z for the π + and K + emissions is made in Figs. 22 and 23 , respectively.
In the above plots, the label "NJL without g" in the legend refers to the curves with the gluon fragmentation functions set to zero at the model scale, and the label "NJL with g" refers to the curves including the contribution of the gluon fragmentation functions. Note that the HKNS and DSS parameterizations, extracted from different sets of data, may differ quite a bit in some channels, especially in the low z region. Hence, the comparison just means to give a rough idea on the behaviors of these fragmentation functions obtained in the literature. These figures exhibit obvious difference between the curves labeled by "NJL with g" and by "NJL without g" at Q 2 = 4GeV 2 and Q 2 = M channels labeled by "NJL with g" are closer to the HKNS or DSS ones than those labeled by "NJL without g" in the almost entire region of z. For the K + meson channels at both
, it is hard to tell which curves, "NJL with g" or "NJL without g", are closer to the HKNS and DSS ones. However, the "NJL with g" ("NJL without g") curves seem to be closer to the HKNS (DSS) ones at
It is a general trend that all the curves are more distinct in the low z region.
Next we predict the e + + e − → h + X differential cross section [42] 
using the quark and gluon fragmentation functions from the previous section, where z = 2E h / √ s = 2E h /Q is the energy fraction, with E h being the energy carried by the hadron h, √ s being the center of mass energy, and Q being the invariant mass of the virtual photon or Z boson. According to the factorization theorem, Eq. (10) can be written as a convolution of two subprocesses [41] : the hard scattering part e + + e − → γ(Z) → q +q at LO or e + + e − → γ(Z) → q +q + g at NLO, which is calculable in perturbative QCD, and the hadronic part q +q(q +q + g) → h + X, which involves nonperturbative dynamics. The latter is described by the fragmentation functions for the hadron h emitted by the partons q,q, or g. We have the factorization formula [42]
where the subscript i = u, d, s, ..., g denotes flavors of partons, the coefficient functions ⊗ is defined by
Our predictions for F h (z, Q 2 ) in Eq. (11), h = π and K, are compared to the SLD data [21] at the scale Q 2 = M 2 Z under the LO and NLO evolutions in Fig. 16 . It is observed in all the plots that the curves labeled by "NJL without g" are significantly lower than the SLD data for z < 0.4, and higher than the SLD data for z > 0.4 in the pion channel.
The inclusion of the gluon fragmentation functions, correcting the above tendency, improves the overall consistency with the data. This improvement highlights the phenomenological impact of the gluon fragmentation functions, and their importance for accommodating the data. In particular, the "NJL with g" predictions agree well with the SLD data in the pion channel, after the NLO evolution is implemented. It is roughly the case in the kaon channel, but with the "NJL with g" predictions overshooting the data in the small z < 0.2 region.
However, the curves labeled by "NJL with g" from the NLO evolution are very close to the HKNS and DSS parameterizations in both the pion and kaon channels. The agreement of the predictions with the data supports our proposal to treat a gluon as a pair of color lines in the NJL model.
At last, we check the sensitivity of our results to the variation of some model parameters. π + and K + mesons at the model scale to the fictitious quark mass is examined in Fig. 18 .
The difference among the three sets of curves for M 1 = M 2 = 0.0, 0.2, and 0.4 GeV in the region of finite z turns out to be easily smeared by the QCD evolution effect. It explains why we have adopted the input M 1 = M 2 = 0.0 for convenience in this work.
V. CONCLUSION
In this paper we have derived the gluon fragmentation functions in the NJL model by treating a gluon as a pair of color lines formed by fictitious quark and anti-quark under the requirement that they remain in the flavor-singlet state after simultaneous meson emissions.
The idea originates form the color dipole model, in which the same treatment turns parton emissions into emissions of color dipoles. The gluon fragmentation functions were then formulated in terms of the quark fragmentation functions accordingly. The simplest version ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae ae the elementary fragmentation into a jet process. The gluon branching effect, i.e., the multidipole contribution to the gluon fragmentation was also discussed in the same framework, and found to be minor.
The results from the above three different schemes of handling subtle gluonic dynamics were compared at the model scale, and evolved to higher scales. It has been confirmed that the QCD evolution effect pushes the difference among the three schemes to the region of very small z. This explains why our results are stable with respect to the variation of the model parameters and to the choices of the splitting functions. We have demonstrated that the inclusion of the gluon fragmentation functions into the theoretical predictions from only the quark fragmentation functions greatly improves the agreement with the SLD data for the pion and kaon productions in e + e − annihilation at the scale Q 2 = M 2 Z . Especially, our predictions for the pion emission from the NLO evolution are well consistent with the SLD data, and with the HKNS and DSS parameterizations. This nontrivial consistency implies that our proposal may have provided a plausible construct for the gluon fragmentation functions, which are supposed to be null in the NJL model.
The framework presented in this paper is ready for a generalization to the quark and gluon fragmentation functions for other pseudoscalar mesons, such as η and η ′ . Wide applications are expected. The heavy-quark (charm and bottom) fragmentation functions should be included for a complete QCD evolution to Q 2 as high as M 2 Z , which have been taken into account in the HKNS and DSS parameterizations. How to establish the heavy-quark fragmentation functions in an effective model is another challenging and important mission.
We will address these subjects in future works.
